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ABSTRACT

In this paper g*- isolated point, g*- compact, gthlly compact, g*-sequencially compact, g*-couhtatmmpact

are introduced and the relationship between theseapts are studied.
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1. INTRODUCTION

Levine[1] introduced the class of g-closed sets in 1970 arKiRIS.Veerakuma5] introduced g*-closed sets in
1991. In this paper g*- compact spaces, g*-locatlyjnpact spaces, g*-sequencially compact spacespgritably compact

spaces are defined and their properties are igaet.

2. PRELIMINARIES
Definition 2.1: A subset A of a topological space @,is called
1) generalized closedset (brieflyg-closed)[1] if cl(A) O U whenever AJ U and U is open in ().

2) generalized star closedset (brieflyg*-closed)[5] if cl(A) O U whenever AJ U and U is g-open in (%).
Definition 2.2[5]: A functionf : (X,1) = (Y,0) is called

1) g-irresolute iff * (V) is a g-closed set of (X) for every g-closed set V of (\).

2) g-continuous iff * (V) is a g-closed set of (%) for every closed set V of ().

3) strongly g-continuous iff (V) is a closed set of (X) for every g*-closed set V of ().

4) g -resoluteiff (V) is g -closed in Y whenever V is glosed in X.

Definition 2.3[3]: Let (X;1) be a topological space axEX. Every g*-open set containingk is said to be a

g*-neighbourhood of x.

Definition 2.4[3]: Let Abe a subset of X. A poink € X is said to be ag*-limit point of A if every

g*-neighbourhood of x contains a point of A other than

Definition 2.5[3]: Let Abe a subset of a topological spacet(Xgcl(A) is defined to be the intersection of all

g -closed sets containing A.
Note: g cl(A) need not be ‘gclosed, since intersection of-glosed sets need not be

g -closed. But if A is gclosed then @l(A) = A.
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Definition 2.6[3]: The topological space (¥),is said to bey*-multiplicative if arbitrary intersection of gclosed

sets is gclosed. Equivalently arbitrary union of-gpen sets is gopen.
Note: If (X,T) is g-multiplicative then A = ccl (A) if and only if A is g-closed.

Definition 2.7[2]: A collection C of subsets of X is said to have finée intersection property if fore very sub

collection {C,,C, .. C} of C then the intersectionC C, N ...... N C, is not empty.

.......

Definition 2.8[4]: A topological space (X) is said to be g*T space if for every pair of distinct pointsy in X,
there exists disjoint g*-open sets U and V in Xlstitatx eU and ye V.

3. G- COMPACT SPACE
[

Definition 3.1: A collection{U,},c, Of g*-open sets in X is said to be-gpen cover of X if X =en Ua-

Definition 3.2: A topological space (X) is said to be g*-compact if every g*-open covgriof X contains a
finite sub collection that also covers X. A subgaif X is said to be g*-compact if every g*-openveoing of A contains a

finite sub collection that also covers A.
Remark 3.3: A Topological Space (X) Is
(1) g*-compactness> compactness
(2) Any finite space is‘gcompact.

Example 3.4:Let (X,1) be infinite cofinite topological space. Then G¥Q(= {®, X, A/ A®is finite} =G*O(X).
Let {U,}neabe an arbitrary g*-open cover for X. LEf be one g*-open set in the open colldg},ca. Then X—U,, is
finite, say{x, X, X, ....... %}.ChooseU,, such thatc,, € U, for i = 1,2,......... n. Then X#,, UU,, U ....0U,, .

The spaceis g*-compact and hence compact
Theorem 3.5:A g*-closed subset of g*-compact space is g*-compac

Proof : Let A be a g*-closed subset of a g*compact spaeg)(and{U,}.cx be a g*open cover for A.

Then {{U,}4en, (X—A)} is a g*open cover for X.SinceXis gompact, there exists;,oy, an LJA such that

X=U,, U .... U U,, which proves A is gcompact.
Remark 3.6: The converse of the above theorem need not besrgeen in the following example.

Example 3.7:A set which is g-compact but not ‘gclosed.Let X={ a, b, ck ={®,{a},{a,b}.X}. Then (X,1) is

g -compact. The subset A = {b} is-gompact but not gclosed

Theorem 3.8[4]:Let (X,1) be a g*- multiplicative g*}space. Then every g*- compact subset of X is gisetl.

Proof: Let Y be a g*- compact subset of g3-Tspace. Let ¥¢¢X - Y. For each point ¥ Y. There exists disjoint

g*- open sets Yand V, containing y and xrespectively. Therefore {JyeY} is a g*-open cover for Y. Now there exists

n n
VuYao v} €Y such that Y[ Uin = U (say). Let V =ﬂVyi . Then V is g*-open. Since X is g*-multiplicative,
i=1 i=1

U is g*-open. Obviously W V = ¢. Therefore V is a g*-neighbourhood of @ontained in X-Y. Therefore X-Y is g*-

open and hence Y is g *-closed.

Note: The converse of theorem 3.8 is true ifiXs g*-multiplicative and g*-7.
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Remark 3.9: In theorem 3.8, the condition is necessary. An nitdi cofinite topological space is

g* -multiplicative but not g*%. In this space all subsets are g*-compact but finite sets are g*-closed.
Theorem 3.10:Let Y be a g*-compact subset of a gispace X andg€ Y. Then
there exists disjoint g*-open sets U and V of Xtadming % and Y respectively.

Proof: Theg*-open setsU and Vdiscussed ia pnoofoftheorem3.8 are disjoint g*-open sets cornitgjryy and x
respectively.

Theorem 3.11:Let (X,1) and (Yg) be two topological spaces ahX,1)— (Y,o) be a function. Then
1.fis g*-irresolute and A is a g*-compact subset of=Xf (A) is a g*-compact subset of Y.

2.fis one to one, g*-resolute and B is a g*-compabsstiof Y = (B) is a g*-compact subset of X.
3.fis g*-resolute, X is g*-compact, Y is g*-multiplitee and g*T, = f is a g*-resolute function.

4.fis g*-resolute and Y is g*-compact and X is g*-tiplicative and g*L = f is a g*-irresolute function.

Proof: (1) & (2) Obviously from the definitions. (3) Profdllows from (1) and theorem (3.8). (4) Proof @lis
from (2) and theorem (3.8).

Definition 3.12[2]: A collection€ of subsets of X is said to have the finite intetism property if for every finite
sub collection {G, C,.. C,} of € then GNC,N...... NC,# @P.

Theorem 3.13:A topological space (X) is g*-compact if and only if for every collectia@of g -closed sets in

X having the finite intersection property, the 'nmx:tionﬂ C of all elements o€ is non-empty.
cic

Proof: Let (X,r) be g-compact an@&be a collection of gclosed sets with finite intersection property. T

ﬂ C =®.Supposﬂ C =d>thenﬂ (X =C) =X. Therefore; X =C / c[IC } is a g*-open cover for X.Then there
aic aic aic

n n
exists C1.Cz.....Ch€ Csuch thaU (X -C)=x. Therefore_ﬂl C =®Pwhich is acontradiction. Thereforﬁ Czo
i=

i=1 cic

Conversely, assume the hypothesis given in thersait. To prove X is’gcompact. Let Y} ael be a g*-open cover

for X.Then UUG =X = ﬂ(X -U,) = ® By the hypothesisthere exists; a j.......... a , such that
agh agh

n

n
ﬂ X-U, =% _ThereforeU U, =X. Therefore X is

i=1 i=1
g*-compact.

Corollary 3.14: Let (X,1) be a g-compact space and let O C, [ Ue,Uc,. ... be a nested

sequence of non-empty-glosed sets in X. ThelmC n is non-empty.
niz*

Proof: Obviously {C} .. z* has finite intersection property. Therefore by mm3.13ﬂ+c niS non-empty.

ndz
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Theorem 3.15:Letf: (X,1)—(Y,c) be a function then,

(1) fis g-continuous, onto and X is-gompact=> Y is compact.

(2) f is continuous, onto and X is-gompact=> Y is compact.

(3) fis g-irresolute, onto and X is ggompact=> Y is g*-compact.

(4) fis strongly g-irresolute and X is‘gcompact=> Y is g*-compact.

(5) fis g -open, bijection and Y is gcompact=> X is compact.

(6) fis open, bijection and Y is gompact=> X is compact.

(7) fis g -resolute, bijection and Y is @ompact=>X is g*-compact.

Proof of (1): Let {U,} .. be an open cover for Y. Therff(U,)} .4 is a g*-open coverfor X.Since Xis

n n
g*-compact,there exists,a, ......... ansuch that X U f'l(U[,i ).Therefore Y =f(X) L] Uua. .
i=1 i=1

Therefore Y is compact.Proof for (2) to (7) areitamto the above.
4. G-COUNTABLY COMPACT SPACE

Definition 4.1: A subset A of a topological space {Xis said to be ‘gcountably compact if every countable
g -open covering of A has a finite sub cover.

Example 4.2:An infinite cofinite topological space is-gountably compact.

Example 4.3:A countably infinite discrete topological spaca g-countably compact, because{{x}/x

0X} is a countable gopen cover, which has no finite subcover.

Remark 4.4: Every g-compact space is -gountably compact.

Proof: It is obvious from definition.

Theorem 4.5:1n a g-countably compact topological space every infisiteset has a 4imit point.

Proof: Let (X,1) be g-countably compact. Suppose that there existsfaitensubsetwhich has no-jmit

point. Let B={a/ n € N} be a countable subset of A. Since B has nbngit point, there exists a'g

neigh bourhood Kof a;such that BU, = {a.}.Now {U .} is a g-open cover for B. SinceBs g-open

{B®, {U,}.o 2"} is a countable gopen cover for X.But it has no finite sub coveriathis a contradiction,
since X is g-countably compact.Therefore every infinite suléeX has a glimit point.

Corollary 4.6: In a g-compact topological space every infinite subsetag-limit point.

Proof follows fromtheorem (4.5), since everyopmpact space is-gountably compact.

Theorem 4.7:A g -closed subset of geountably compact space isgpuntably compact.

Proof is similar to theorem (3.5).
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Definition 4.8: In a topological space (¥, a pointx e X is said to be a g*-isolated pointof A if every gfjen set
containingx contains no point of A other than
Theorem 4.9:LetX be a non empty g*-Ispace. If X has no g*- isolated points then Xrnsauntable.

Proof: Let x;eX. Choose a point of X different fromx.This is possible sincex{} is not a g*-isolated point. Since
X is g*-T,, there exists g*-open set$, andV; such thatU; nV,= @; xe Uy, y e Vy. ThereforeV; is g*-open andk,[]
g*cl(V,). By repeating the sameprocess Witin the place of X and; in the place off we get a poink+#x, and a g*-open

set \, such that Y is g*-open andegg*cl(V,). In general, given ¥; which is g*-open and non empty, choosgt¥ be a
non empty g*-open set such thdt L1V, _, and x, 0 g* cl(V,).

Hence we get a nested sequence of g*-closed setstsatg* cl(V,) D g*cl (V) O........... Since X is
g*compact n g*cl(V,) Z@ Therefore there existsx(Ing*cl(V,). But X# X, for every n, since

x, O0g*cl(V,) andxOg*cl(V,).Define f :Z - X such thatf (n) = x,. Thenx0 X has no preimage.

Thereforef is not onto and hence X is uncountable.
Note: The converse of Theorem 4.5 is true in a g’space.

Theorem 4.10:In a g*-T; space, if every infinite subset has a g*-limitmathen X is g*-limit point then X is

g*-countably compact.

Proof: Let every infinite subset has a g*-limit point. poove X is g*-countably compact. If not there exist

countable g*-open covefU,} such that it has no finite subcover. Sinéd # X there exists X, [U;;
SinceX #U, LU, there existx, [JU, [1U,. Proceeding like this there exiss JU, U, [I....... tu, forall n.

A={x.} is an infinite set. XX then XU for some n. Butx, JU  for all k> n. U, —{X,X,,..... X}

is a g*-open set (since X is g*prcontainingx which does not have a point of A other thahereforex is not a limit
point of A which is a contradiction.

Theorem 4.11:A topological space (X) is g*-countably compact if and only if for evecpuntable collection

Cof g*-closed sets in X having finite intersectioroperty, ﬂ C of all elements o€ is non-empty.
cc

Proof: Similar to the proof of Theorem (3.13).

Corollary 4.12: X is g*-countably compact if and only if every nedtsequence of g*-closed non empty sets

C UG 0....... has a non empty intersection.

Proof: Obviously{Cn} — has finite intersection property. Therefore by tieeo (4.11) ﬂC n IS non-empty.
nz*

5. SEQUENTIALLY G -COMPACT SPACE

Definition 5.1: A sequencq Xn} in X is said to g-converge to a point x in X if for every-gpen set U

containing x, there exists a number N such &afU (N> N and we writex, 09 - X.
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Definition 5.2: A subset A of a topological space tXis said to be sequentially-gompact,

if every sequence in A contains a subsequence whimmverges to some point in A.

Example 5.3:Any finite topological space is sequentially@mpact.

Example 5.4:An infinite indiscrete topological space is not sentially g-compact.

Theorem 5.5:A finite subset A of a topological space (,is sequentially gcompact.

Proof: Let{xn} be an arbitrary sequence in X. Since A is fingigast one element of the sequence gagust
be repeated infinite number of times.So the constalpsequence,xx... ... must g-converges to x

Remark 5.6: Sequentially gcompactness implies sequentially compactnesseSipen sets are-gpen. But the

inverse implication is not true as seen in theofeihg example.
Example 5.7:Any infinite indiscrete space is sequentially cortaut not sequentially’ gcompact.
Theorem 5.8:Every sequentially gcompact space is -gountably compact.

Proof: Let (X,T) be sequentially ‘gcompact.Suppose X is not-gountably compact.Then there exists countable

g-open cover {.,o z* which has no finite subcover.Then X = [ U,. Choose
nOz*
n-1
X UU;,x0U,=U;,x,0U;=[JU s X, 00U, =[]U,.This is possible since {§J has no finite sub
=12 i=1

cover.Now{ X.} is a sequence in X. Let X be arbitrary.Therx JU , for some k. By our choice dfX.}, X JU,

for all i greater thak.Hence there is no subsequenced m‘,} which cang*-converge ta.Sincex is arbitrary the sequence

{x.} has no g*-convergent subsequence which is a adittion. Therefore X is’'gcountably compact.

Theorem 5.9:Let f :(X,7) - (Y,0) be a hijection, then

(1) fis g -resolute,bijection and Y is sequentially@mpact= X is sequentially gcompact.

(2) fis onto, g-irresulote and X is sequentially-gompact=> Y is sequentially gcompact.

(3) fis onto, continuous and X is sequentiallyogmpact= Y is sequentially compact.

(4) f is onto, strongly gcontinuous and X is sequentiall-gopmpact=> Y is sequentially gcompact.

Proof of (1): Let{X,} be a sequence in X. Thérf (x,)} is a sequence in Y.It has agpnvergent subsequence

{ f(x, )}such thatf (X, ) O - y,in Y. Then there exist, [ X such thatf (x,) = y,.Let U be a gopen set

containingX,.Then f (U) is a g-open set containingy,.Then there exists N such théf(x, ) U f (U)for all k > N.

Thereforef ~*of (x,,) € f"*of (U ). Thereforex,, € Ufor all k = N.This proves that X is sequentially-gompact.

Proof for (2) to (5) is similar to the above.
6. G-LOCALLY COMPACT SPACE

Definition 6.1: A topological space (X) is said to be g locally compactif every point &is contained in a
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g*—'neighbourhoodwhose g*-closure is g*-compact.

Remark 6.2: Any g*-compact space is glocally compact but the converse need not be &mieseen in the

following example.
Example 6.3: Let (X,t) be an infinite indiscrete topological space.lt rist g*-compact. But for every

xO X, {x} is a g-neighbourhood arfd}={ X} is g*-compact. Therefore it is glocally compact.

Theorem 6.4:Let (X, 7) be g*-multiplicative g*-T, space. TheiX is g*-locally compact if and only if each of

its points is a g*-interior point of some g*-compaabset oiX.

Proof: Let X be g*locally compact andX[] X. Therx has a g*neighbourhood N such that g*cl(N) is
g*-compact. Conversely, let every poikt_] X be a g*-interior point of some g*-compact subseXoGiven x [ X,
there exists g*-compact subset N such tkafl g * int(N).So, N is a g*neighbourhood of By the hypothesis and
theorem (3.8), N is g*-closed. Therefofes g*-locally compact.
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